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DECOMPOSITION OF EUCLIDEAN NEARLY KAHLER 
SUBMANIFOLDS 

NIKROOZ HEIDARI, ABBAS HEYDARI 


Abstract. We study the foliation space of complex and invariant (by tor¬ 
sion of intrinsic Hermitian connection) umbilic distribution on an isometric 
immersion from a nearly Kiihler manifold M into the Euclidean space. Under 
suitable conditions this leaf space is nearly Kahler and M can be decomposed 
into a product of this leaf space and a 6-dimensional locally homogeneous 
nearly Kahler manifold. 


1. Introduction 

Gray in in his study of weak holonomy groups in 70’s introduced nearly Kahler 
manifolds and obtained ceratin relations for the Riemannain curvature operator of 
such manifolds. These identities are slightly more complicated but resembling the 
corresponding formulas for the Riemannian curvature operator of Kahler manifolds. 
By using these identities he got many interesting results about the geometry and 
topology of these manifolds [51 [51 HH]- He also found a large class of homogeneous 
nearly Kahler manifolds using 3-symmetric space, introduced by Gray and Wolf [201 
I21j . A 3-symmetric (semi)-Riemannain space is naturally reducible if and only if it 
is nearly Kahler with the canonical almost complex structure [9] . Gray propounded 
this conjecture “every nearly Kahler homogenous manifold is a 3-symmetric space 
equipped with its canonical almost complex structure”. 

. A nearly Kahler manifold can be described as an almost Hermitian manifold such 
that the torsion of intrinsic Hermitian connection is totally skew-symmetric [5] . In 
this point of view, nearly Kahler manifolds are interesting objects in string theory 
[^. In 2002, Nagy proved that every simply connected complete nearly Kahler 
manifold is isometricto a Riemannain product space Mi x • • • x Mk where M^’s are 
nearly Kahler and belong to the following list: 

(i) naturally reduce 3-symmetric spaces (these homogeneous spaces are divided 
into four separated classes H), 
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(ii) twistor spaces over positive Kahler-quaternion manifolds, 

(iii) six dimensional nearly Kahler manifolds. 

By this decomposition, Gray conjecture converts to this question: “Is it true that ev¬ 
ery 6-dimensional, complete, homogeneous nearly Kahler manifold is a 3-symmetric 
space?” Butruile in 2008 [2] showed that there exist only four complete, homoge¬ 
neous 6-dimensional nearly Kahler manifolds (up to homothety and covering space) 
and all of them are 3-symmetric: 


_ SUi2) X SU{2) 



< 1 > 


p3 _ SU{3) 

U{1) X 1/(1) 


The only known examples of 6-dimensional nearly Kahler manifolds are above four 
manifolds. An important question in nearly Kahler geometry is the fundamen¬ 
tal explanation of rareness of such manifolds or difficulties of introducing non- 
homogeneous examples. This question can be formulated in Butruile conjecture 
“every complete nearly Kahler manifold is a 3-symmetric space”. 

This conjecture can be separated by Nagy’s decomposition into two conjectures: 

Problem 1.1. Every complete (compact) 6-dimensional nearly Kahler manifold is 
homogenous. 

Problem 1.2. Every positive quaternion-Kahler manifold is a Wolf space. 

These statements motivated us to study isometric immersions / : —> 

Q 2 n+p 3 ^ nearly Kahler manifold into a space form (especially the Euclidean 
space). We introduced in [12] an umbilic distribution which is complex and invariant 
by the torsion of intrinsic Hermitian connection and showed that this distribution 
is integrable and each leaf of the generated foliation is a 6-dimensional locally ho¬ 
mogeneous nearly Kahler submanifold. In |13) by description of this foliation, we 
parameterized the isometric immersion / and produced some examples of nearly 
Kahler submanifolds in the standard space forms with arbitrary co-dimension p. 

In this article, we study the leaf space of the umbilic distribution which is complex 
and invariant by the torsion of intrinsic Hermitian connection. We investigate the 
existence of decompositions like that of Nagy in the Euclidean submanifolds case. 
We show that under suitable conditions there is a product decomposition such that 
the 6-dimensional nearly Kahler terms are (locally) homogeneous. 


2. Preliminaries 


A smooth manifold M is called almost complex if there exists (1,1) tensor field 
J on M such that = —Id. A Riemmanian manifold (M, g) with almost complex 
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structure J is called almost Hermitian if g{JX, JY) = g{X,Y) for all vector fields 
X and Y on M. 

Gray and Hervella in classified almost Hermitian manifolds into sixteen classes. 
One of the most important classes in this classification is the class of Kahler man¬ 
ifolds. An almost Hermitian manifold {M,g,J) is a Kahler manifold if VJ = 0 
where V is the Levi-Civita connection of g and nearly Kahler if {XxJ)X = 0 for 
all vector filed X on M. Every Kahler manifold is nearly Kahler but the converse 
is not true. Non-Kahler nearly Kahler manifolds are called strictly nearly Kahler. 
There is no strictly nearly Kahler manifold in dimension less than six. 
the canonical Hermitian connection on an almost Hermitian manifold defined by 

^xY = XxY + ^iXxJ)Y 

Its easy to see that V is the unique linear connection on M such that Vg — 0 (it is 
a metric connection) and VJ = 0 (it is a Hermitian connection). 

Proposition 2.1. [2] Let M be an almost Hermitian manifold. The following 
eonditions are equivalent and define a nearly Kahler manifold: 

(1) The torsion T{X,Y) = {XxJ)JY ofX is totally skew-symmetric (equiva¬ 
lently, the tensor T{X,Y, Z) = g{T{X,Y), Z) is skew-symmetric), 

(2) {XxJ)X = 0 for all X G TM, 

(3) Vjvw = ^ixdu! for all X G TM where uj{X,Y) = g{X,JY) is the Kahler 
2-form on M, 

(4) du! is of type (0,3) -I- (3,0) and the Nijenhuis tensor N is totally skew- 
symmetric. 

Proposition 2.2. [2] For a nearly Kahler manifold. The torsion of the intrinsic 
Hermitian connection is totally skew-symmetric and parallel, that isXr] = 0, where 
T]{X) = i J o (Vjv J). This is equivalent to VVw = 0 or Xduj = 0. 


Lemma 2.3. [5] For a nearly Kahler manifold {M,g, J), 

{XxJ)Y + {XyJ)X = 0, (XjxJ)JY = {VxJ)JY, 

J{VxJ)Y = -{XxJ)JY = -(XjxJ)Y, g{XxY,X) = g{XxJY,JX), 
M(yw,xJ)Y, Z) = -ax,Y,zg{{XwJ)X, {VyJ)JZ). 

Gray used the following relations between the torsion of the intrinsic Hermitian 
connection and Riemannian curvature of nearly Kahler manifolds [10) . These for¬ 
mulas resemble the corresponding formulas for Kahler manifolds. 
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{Rx,yX,Y) - {RxyJX,JY) = ||(VxJ)F|P 
{Rw,xY, Z) - {Rw,xJY, JZ) = {{VwJ)X, (Vy J)Z) 
{Rw,xY,Z) = {Rjw,jxJY,JZ) 
‘ 29 {(y^xJ)Y,Z) = ax,Yxg{RwjxY,Z). 


The star version of Ricci tensor of metric g is defined by 

1 " 

{Ric*{X), Y) = -J2 JY, e„ Je,), 

^ i=l 

where R is the Riemannian curvature of {M,g) and {ci} is a local frame field. 
The difference tensor r between Ric* and Ricci tensor is described by the following 
formula [16) : 

n 

(rX,y) = ^((Ve.J)x,(Ve,J)r). 

i=l 

It is easy to see that r is symmetric, positive and commutes with J. The tensor r 
has strong geometric properties, e.g.. Gray in m proved that 

2{(yxr)Y, Z) = {r{VxY, JZ) + {r( JT), {VxJ)Z) 

in other words, r is V-parallel (i.e Vr = 0). 

A nearly Kahler manifold is strictly nearly Kahler when the kernel of r vanishes. 
This is equivalent to triviality of the distribution x i— {X G TxM\T{X,Y) = 
o,vr e T^M}. 

Proposition 2.4. [TB] Let {M,g,J) be a eomplete nearly Kahler manifold. Then 
M can be decomposed as a Riemannain product Mi x M 2 where Mi is a Kahler 
manifold and M 2 is a strictly nearly Kahler manifold. 

On nearly Kahler manifold, tensors 

A{X,Y,Z) = {{XxJ)Y,Z), B{X,Y,Z) = {{XxJ)Y,JZ) 

are skew-symmetric and have type (3, 0) -I- (0, 3) as (real) 3-forms. 

We need the following classical relation between the covariant derivative of the al¬ 
most complex structure J and its Nijenhuis tensor N which is proved by a straight¬ 
forward computation using 

4iV(A, Y) = [A, F] -k J[JA, F] -k J[A, JF] - [JA, JF] 


and the anti-symmetry of the above tensors A and B. 
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Lemma 2.5. For every nearly Kdhler manifold {M,g, J) we have 

NiX,Y) = J{VxJ)Y. 

In lower dimensions, nearly Kahler manifolds are mainly determined. If M is a 
nearly Kahler with dimM < 4, then M is Kahler. If dimM = 6 , then we have the 
following result. 

Proposition 2 . 6 . [51 [TUI[T^ Let {M,g, J) be a 6 -dimensional, strict, nearly Kdhler 
manifold. Then 

( 1 ) VJ has constant type, that is 

||(Vx J)K||" = rf - 9 {X,Yf - g{JX,Yf), 

(2) the first Chern class of {M, J) vanishes, 

(3) M is an Einstein manifold with 

Rice = —q, Rice* = —q. 

6 30 

Moreover if the tensor V J has constant type a then dimM = 6 and a = -^ 
where S is the scalar curvature. 

The next lemma follows immediately. 

Lemma 2.7. For vector fields W,X,Y and Z we have 

g(iVwJ)X, {VyJ)Z) = Y)g{X, Z) - g{W, Z)g{X, Y) 

-g{W, JY)g{X, JZ) + g{W, JZ)g{X, JY)}, 

and 

g{{XwXzJ)X, Y) = Z)g{JX, Y) - g{W, X)g{JZ, Y) + giW, Y)g{JZ, X)}, 

also 

S 

Yg{Jei,ej)R{ei,ejX,Y) = -—g{Jx,Y), 

S< 7 ((Vx J)e„ e,)i?(e„ e„ F, Z) = -^g{{VxJ)Y, Z), 
where {ci} is a local orthonormal frame field on M. 

Lemma 2.8. [TT] Let X, Y be two vector fields on M then T{X, Y) is an orthogonal 
vector field to X, .LX, Y and JY. 

This lemma leads us to define a suitable local frame on a 6 -dimensional nearly 
Kahler manifold which is particularly convenient for local calculations. Suppose 
that ei, 62 be two orthogonal local vector fields on M and define 

63 = T(ei, 63 ) = (Vei J)e 2 64 = Jei 65 = Je 2 65 = Jes 

Therefore {ci, Jei}i^i^... ^3 is a local orthogonal frame on M. m 
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Definition 2.9. [12] Let / : J) —> Q2"+p be an isometric immersion from 

a nearly Kahler manifold into a space form with second fundamental form a and 
O^rjGT^M is a, non-zero normal vector field on M. The umblic distribitaion of 
/ defined by a; i—>• A^; where 

A, = {A e r,M| vr e T,M a{X, Y) = {X, Y)r]} 

complexihcation of this distribution is described by A^; fl A^ = A^, fl JA^; where 

A^ = {A e T^M\ VA e T^M a{JX, Y) + a(A, JY) = 0} 

Now we put 

a" = {A e T^M\ vr e T^M a{T(X, A), Z) + a{X, T{Y, Z)) = 0} 

and define by H A^, fl A^, the umblic distribution which is complex and 

invariant by the torsion of intrinsic Hermitian connection. 

It is easy to see that 

D, = {A G T,M\ X, JA G A„ VA G T,M T{X,Y) G A,} 

Theorem 2.10. [T2| Let f : —>■ be an isometric immersion from a 

complete, simply connected strictly nearly Kahler manifold into a space form of con¬ 
stant curvature c, then there is an involute umbilic complex foliation on M invari¬ 
ant by the torsion of the intrinsic Hermitian connection whose leaves are 6-nearly 
Kahler locally homogeneous manifolds (each leaf is an Amrose-Singer manifold). 
Moreover, each leaf coincides with a 6-dimensional nearly Kahler factor appearing 
in the Nagy decomposition. 

Remark 2.11. In DroDOsition l3.3l we described the structure of umblic distribution 
which is complex and invariant by the torsion of intrinsic Hermitian connection and 
we got 0 7 ^ 77 G Tj-M. Also we proved that in Nagy decomposition, a 6-dimensional 
term appears if and only if there exists 0 ^ p G T^M such that Dj, is a non-zero 
distribution. In the next section we prove more properties of r] and leaves of the 
foliation generated by D. 


3. Main results 

Theorem 3.1. Each leaf N of the complex and invariant umbilic foliation in M is 
minimal and the second fundamental form (3 of N satisfies f3{X, JY) = Jj3{X,Y). 
Also rj = 3H where H is the mean curvature of A® ^ and 

c+ Ihll = where S is the scalar curvature of N which is constant. 

Proof. Let (3 be the second fundamental form A® ^ The distribution D is 

invariant under torsion of intrinsic Hermitian connection therefore 


T(A, Y) = {XxJ)Y gT^N {X,Y gT,,N) 
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and 

{VxJ)Y = VxJY - JVxY = V'xJY - JVxY + /3(X, JY) - Jp{X, Y) € T,N 

where V is the Levi-Civita connection on N. Therefore JY) — J/3{X, Y) = 0. 
If {ci, Jcij is an orthonormal local frame on N then 

H = T,l=lf3{ei,ei) + l3{Je^, Jci) = E-Z?/3(ei, e*) - /3(ei, e^) = 0 

where H is the mean curvature of ^ Therefore N is minimal in M. 

We show that N has constant type c + {ri,rj). Using formulas in lemma 1^751 and 
Guass equation for submanifold M in the space form Q we have 

\\T^{X,Y)f = \\T^{X,Y)\\'^ 

= WiXxJ)Yf = -{Rx,yX,Y) + {Rx,yJX, JY) 

= {a{X,Y),a{Y,X)) - {a{X, X),a{Y,Y)) 
c{{X,Y){Y,X) - {X,X){Y,Y) 

- {a{X, JY), a{Y, JX)) + {a{X, JX), a{Y, JY) 
c{{X, JY){Y, JX) - {X, JX){Y, JY) 

= {\\rjr + c){-{X,Y)^ + {X,X){Y,Y) 

+ {X,JY){Y,JX)) 

= (hf + c)(||^f rf - {X,Y)^ - {JX,Y)^), 

for all X,Y € X{N). Hence by Proposition 12.61 N is 6-dimensional manifold and 
c+ II^IP = ^ where S is the scalar curvature of N. Also r] has constant length 
because N is Einstein. By the definition of the tangent bundle TN a.t each point 
we have H = rj where H is the mean curvature vector field of as a submanifold 
of Q. □ 

A complex and invariant umbilic foliation may be trivial. But in the next propo¬ 
sition we show that if a 6-dimensional factor in the Nagy decomposition appears 
then there exist rj G V{Tj~M) such that the complex and invariant umbilic foliation 
defined by r] is non-trivial. Proof of this claim needs next lemma. 

Lemma 3.2. Let {M,g,J) be a nearly Kdhler manifold and N be an almost 
Hermitian embedded submanifold of XI with the second fundamental form ft, then 
for all vector fields X,Y on N we have p{X,JY) = Jj3{X,Y). 

Proof. Denote by and the torsion tensors of the canonical Hermitian 
connection on M and N, respectively. We have 


(3.1) T^{X,Y)=T^{X,Y) + l3{X,JY)-J(d{X,Y) {X,Y G X{N)) 
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The torsion of the canonical Hermirion connection is skew-symmetric and j3 is 
symmetric, hence 

J/3(X, y) - /3(X, JY) = P{JX, Y) - jpix, Y) 

^ 2 J/3(X, Y) = /3{JX, Y) + I3{X, JY). 

Therefore 

2JP{JX, JY) = -PiJX, Y) - /3iX, JY) = -2J/3iX, Y) 
that’s Pi JX, JY) = -l3iX,Y). 

Also PiJiJX), JY) = -Pi JX, Y), hence I3{X, JY) = P{JX, F), and thus jpiX, Y) 
P{X,JY)=p{JX,Y). □ 

There is a short proof of the above lemma when N is nearly Kahler. By lemma 
12.51 we have 

JT^{X,Y) = Nj{X,Y) = JT^iX,Y) 

and the result follows from relation m- 

Proposition 3.3. Let f : J) —> be an isometric immersion from 

a nearly Khler manifold into a space form. If M has an embedded 6-dimensional 
strictly nearly Kdler submanifold N then there exists tj £ V(Tj-)N such that N 
is locally isometric with a leaf of the complex and invariant umbilic foliation in 
direction rj. In particular,N is locally homogeneous. 

Proof. Let fi be the second fundamental form of iV as a submanifold of M. By 
lemma 15?^ for all X,Y G X{N) we have f3{X,Y) = jp{X,Y). Now consider N as 
a submanifold of (by N —>■ M —s- Q) and let H be the mean curvature 

of N in Q. We choose rj parallel to H = X]i=i Oi(ei,ei) -I- a{Jei,Jei) such that 
c+lhiP = where {e^, Jei}i^i^ 2,3 is an adapted frame by lemma l^lHl for N, S is the 
scalar curvature of N and a is the second fundamental form of M as a submanifold 
of Q via /. Therefore ry £ T{Tf) and for all X,Y G X{N), T^{X, Y) = T^{X, Y) 
where and are the torsion tensors of the canonical Hermitian connections 
on N and M, respectively. Next, VJ has type ^ on TV so by a computation as in 
the proof of theorem 13.11 we have a{X,Y) = {X,Y)r], for all X,Y G X{N). Now 
the result follows by theorem 12.101 □ 


Remark 3.4. If there is a 6-dimensional factor N in the Nagy decomposition of 
a nearly Kaher manifold M then N is an embedded 6-dimensional strictly nearly 
Kahler submanifold of M and by following proposition there exist rj £ T{Tj-)N such 
that the complex and invariant umbilic distribution in direction rj is non-trivial and 
N is locally isometric with a leaf of the foliation and so it is locally homogeneous. 
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Proposition 3.5. Let f : , g, J) —s- be an isometric immersion 

from a complete strictly nearly Kdhler manifold into a space form. Then there is 
a direction such that the complex and invariant umbilic distribution is not trivial 
each leaf of the foliation is strictly 6-dimensional nearly Kdhler manifold. 

Proof. If a leaf N of our foliation is Kahler, then T^{X,Y) = T^{X,Y) = 
{VxJ)Y and 

II (Vx = - {Rx,yX, Y) + {Rx.yJX, JY) 

= (o(X, r), a(r, X)) - {a{X, X), a{Y, Y)) 
c{{X,Y){Y,X) - {X,X){Y,Y) 

- {a{X, JY),a(Y, JX)) + (a(X, JX), a{Y, JY) 
c((X, JY){Y, JX) - {X, JX){Y, JY) 

= i\\r,f + c)i-{X,Y)^ + {X,X){Y,Y) 

+ {X,JY){Y,JX)) 

= (|| 7 ?f + c)(||xf ||yf - {X,Y)^ - {JX,Y)^), 

where a is the second fundamental form of /. Hence ||? 7 |P+c = 0. Now if c = 0 then 
the space form is isometric with the Euclidean space and g = 0 and a{X,Y) = 0, 
for all X,Y € X{N). By using the above relation again, we have T{X,Y) = 0, for 
X G TxN , Y G TxM, which means that the tensor r on M has non-zero kernel and 
this is a contradiction, because M is strictly nearly Kahler. If c ^ 0, we consider 
N as a submanifold of Q (by N ^ M —> Q). By the Guass equation and equality 
a(X,Y) = (X,Y)g, for X,Y G XN, 

(3.2) K{ei,ej) + K{e^,Jej) = (/3(ei, e^-),/3(ej, e^)) - (/3(ei, Ci), ^(e^-, e^)) 

-f (P{ei,Jej),P{ei,Jej)) - {I3{ei,ei), p{Jej, Jcj)) = 2\\|3{e^, ej)f > 0, 

where /3 is the second fundamental form of as a submanifold of M and {e^, ^3 

is an adapted frame. By lemma and similar computations as above, we have 

R J ^j) — R {.J ^j): R (^z j ) — R dCj) R i^Ci ^ J efj — II ^(e^, Cj) II ^ 0. 

Hence the scalar curvature S oi N must be non-negative, 

3 

S = ^ Kr(ei, Cj) -I- R{ei, Jej) + R{Jei, Jcj) > 0, 

i=l 

But by theorem 7 in [^ , the scalar curvature of an isometrically immersed Kahler 
submanifold of a space form satisfies the following inequality 

5<2(2n)"(c+||Hf), 
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hence the scalar curvature of N must be non-positive by theorem 13.11 and lemma 
13.21 Thus S = 0. Hence /3 = 0 by (j3.2l) and N must be locally isometric to an 
Euclidean affine space. This contradicts the completeness of M. □ 


. An open connected subset 17 C M is saturated if each leaf of the complex and 
invariant umbilic foliation in U is maximal in M. If M is complete we may put 
U = M. We consider the quotient space V = U/D of the leaves in U (each leaf 
is an equivalence class) with the projection map tt : 17^” — 
general, V is not a manifold. It could fail to be Hausdorff and it may be a H or 
QE-manifold. But if each leaf of the complex and invariant umbilic foliation in 17^" 
is complete then V becomes a manifold [T3]. In this case, V is called the foliation 
space of the complex and invariant umbilic foliation. 

In [I3| we equipped V with a suitable metric and complex structure such that V be¬ 
comes to a quasi-Kahler manifold and we used this in parametrization of Euclidean 
nearly Kahler submanifolds. In the next theorem we introduce a metric and an 
almost complex structure on V such that it becomes a nearly Kahler manifold. 

Remark 3.6. In the next theorem we will use Rummler-Sullivan criterion: there 
exist on a compact manifold M a suitable metric such that the leaves defined on 
M are minimal if and only if there exist an m-form y positive on the leaves and 
relativity closed such that dx(Ai,..., F) = 0 where Xi,..., X^ are tangent 
to the foliation [lillIH]. 

Theorem 3.7. Let f : —> ]R^”+p be an isometric immersion from a nearly 

Kahler manifold into the Euclidean space. If each leaf of the complex and invariant 
umbilic foliation is complete then the leaf space is an almost complex manifold whose 
top cohomological group is non-trivial. If V (the leaf space) is compact and M is 
complete then by choosing a suitable metric on V, the projection map tt : M —> V 
is a Riemannian submersion such that tt o o M, that is tt is an almost 

Hermitian submersion. In particular, V is a nearly Kahler manifold. 

Proof. Each leaf is minimal so if v denotes the metric volume form of a leaf then it 
defines a non-trivial class in the basic cohomology H{M/D = V). Indeed, let x be 
the 771-form given by Rummler-Sullivan criterion and suppose that v = dr where 
T G then 

XAiy = xEdT = (-ir{d(x A r) - dy A r} 

But dx A r = 0 because x is relativity closed. Therefore x A is exact and this 
is a contradiction, because x A iz is a volume form of the complete nearly Kahler 
manifold M.(note that M is compact and orientable). 

Now V is invariant by the almost complex structure J so it will be an almost 
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complex manifold. By the structure of the foliation space V and using the projection 
map TT we may put a metric on V, inherited from metric from M, such that tt 
becomes a Riemannian submersion, preserving the almost complex structures, i.e., 
TT* o o TT*. Therefore tt is an almost Hermitian submersion. Finally we 

show that F is a nearly Kahler manifold. If X, Y are vector fields on M which are 
TT-related to X ,Y on V then 

a;“(X, Y) = g^{X, JY) = g^{x\jY') o tt = {7r*oj^){X, Y). 

Therefore, on the horizontal distribution uj^ and duj^ coincide with Tr*uj^ and 
Tr*{du!^), respectively. Now h{{VxJ)Y) is a vector field 7r-related to {Xx'J)Y' by 
proposition 3.5 of [4] where h denote the horizontal component of a vector field that 
tangent to M, and we know that tt* is a linear isomorphism on invariant differential 
forms so by proposition 12.II we conclude that F is a nearly Kahler manifold. □ 

Next we need some facts about Riemannain submersions: 

Definition 3.8. Let {M,g,J) and {B,g , J ) be almost Hermitian manifolds. A 
Riemannain submersion tt : M — > B is called an almost Hermitian submersion if 
it is an almost complex map i.e., tt, o J = J ott*. An almost Hermitian submersion 
is a nearly Kahler submersion if the total space is nearly Kahler. 

The tangent bundle of M can be decomposed as the Whitney sum of vertical 
distribution F = A'erTr, and the complementary orthogonal metric H (the hori¬ 
zontal distribution). Denote by v and h the projection on vertical and horizontal 
distributions, respectively. The O’Neill tensors B and A are defined by 

BxY = h{V,xvY) + v{X^xhY), 

AxY = v{XhxhY) + h{XhxvY). 

Here B acts on each fiber (each leaf in our case) as the second fundamental form 
and A measures the distance of horizontal distribution from integrability. 

. With the same argument as in the proposition 1 in [4] we can prove the following. 

Theorem 3.9. Let f : be an isometric immersion from a nearly 

Kahler manifold into the Euclidean space, the orthogonal complement of the com¬ 
plex and invariant umbilic distribution with respect to a Riemannian metric is an 
integrable distribution and each integral submanifold of this distribution is totally 
geodesic in M. 

Proof. It is enough to show that the O’Neill tensor A on M vanishes. Let A be a 
vector field and F be a vertical field on M. Since 


( 3 . 3 ) 


h{XvX) = h{VxV) = AxV 
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we haveVyX = ByX + AxV. Moreover, ByJX = JByX and we have T{V,X) = 
VyJX — JVvX = AxJV — JAxV. In [4] it was proved that for a quasi-Kahler 
submersion, 

(3.4) Ajx = - J o Ax = Ax o J. 

Thus 

(3.5) T(y,X) = XyJX - JVyX = AjxV - JAxV = -2JAxV, 
using (1531) and (1531) we have 

(3.6) hiT{V, X)) = h{VvJX - h{JVvX) = AjxV - JAxV = -2JAxV, 

but on nearly Kahler manifolds the torsion of intrinsic Hermitian connection T is 
skew-symmetric thtat is, T{X,V) = —T{V,X) and by (13. 5p and (13.61) we conclude 
that JAxV = 0, that is, A = 0. □ 

Corollary 3.10. Let f : be an isometric immersion from a com¬ 

plete, simply connected nearly Kahler manifold into the Euclidean spaee. There exist 
two integrable distributions D, on manifold M such that leaves of the generated 
foliations by D and are minimal and totally geodesic, respectively. Moreover, 
if for each X G D:^ and U G we have 

(3.7) R{X, JX, U, JU) = 0, 

then locally M is a product of the foliation space of complex and invariant um- 
bilic foliation and a 6-dimensional homogeneous nearly Kahler manifold which is 
isometric with the corresponding factor in the Nagy decomposition. 

Proof. This is proved like proposition 3.21 in [4]. □ 

Remark 3.11. Note that the 6-dimensional factor in the Nagy decomposition is 
not necessarily homogeneous, therefore this is a positive answer to problem 11.11 of 
the introduction under the assumption of Corollarv l3.10l 
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